Negative shifts, turning point ; sterior layer : tted operator scheme ABSTRACT _ _ _
if 1 -rj < x < 1.
Let C be a generic positive constant independent of e and N, which may take different values at different places, ||.|| is maximum norm. For y(x) to be a smooth solution of (1.2) it must be continuous on [-1, 1] and continuously differentiable on (-1, 1). The operator U^^y satisfies the following minimum principle.
Lemma 2.1. Let n(x) be a smooth function satisfying jt(-1) > 0,7r(l) > 0. Then LF-8'n7r(x) < 0, Vx € Q implies that jr (x) > 0, Vx e Q.
Proof. If possible, suppose that there is a point x* € [-1, 1] such that 7r(x*) = minXGJf2 7r(x) and jt(x*) < 0. From the given conditions it is clear thatx* g { -1, 1}. Also 7r'(x*) = 0 and jt"(x*) > 0. We have the following cases: (a) -1 < x* < -1 + 8
In this case we have,
LEXrtn{x*) = En"(x*) + a(x*)7i'(x*) -b(x*)7i(x*) + d(x*)ir(x* + rf)

= ett"(x*) + a(x*)n'(x*) -[b(x*) -d(x*)pt(x*) + d(x*)[n(x* + rj) -n(x*)]
> 0 (b) -1 + 8 < x* < 1 -rj Lf: 'Sj] 
ir(x*) = ett"(x*) + a(x*)n\x*) -b(x*)jr(x*) + c(x*)tt(x* -8) + d(x*)jr(x* + rj)
= £tt"(x*) + a(x*)7r'(x*) -[b(x*) -d(x*) -c(x*)]jr(x*) + d(x*)[jr(x* + rj) -jt(x*)]
+ c(x*)[jt(x*
-
±[f(x) -c(x)<p(x -S)] = -[(i>(x) -d(x»||/||K-1 ±/(x)] -[(b(x) -d(x))C max{||0||, ||y||}]
< 0,
Dividing both sides of the above equation by b(0) and taking into account the fact that b(0) is bounded between b0 and Plli get the following equation
Now, it can be easily seen that the priori estimates are not affected by replacing s by £ = s/b(0) because (x2 4-e)(P~~k)/2 < C(x2 4* e)^~ky2 and /(x, e, /J) < Ci(x, e, ft), where /(x, e, f$) = fx2+£ s(~^"1)/2 ds, k being a positive integer and neither is the relevant behavior ofg(x). Therefore, Eq. (2.9) can be reduced to the study of the following problem
Assuming |a(x) | < C|x|, |c(x)| < C|x|, |d(x)| < C|x| and following the approach of Berger etal. [20] , the required estimates can be obtained. □ Note: For < 1 Theorem 2.4 holds good and if we have f> > 1 then ft can be written as = X + s, 0 < A. < 1. In this case the estimates obtained are |y(k)(x)| < C for k = 1, ..., s (2.11) |y(/0(x)| < c(|x| _|_ £1/2)P~ki(xy e, k), for k = s 4-1, ..., m 4-1. □
Description of the numerical scheme
To construct the discrete counterpart of the problem (1.2) we consider an exponentially fitted finite difference scheme [21] on a specially designed mesh. The presence of shifts and the turning point make the problem (1.2) difficult to deal with. To deal with the shifts and the turning point, the mesh is designed in such a way that the term containing delay/advance and the turning point lies at the mesh point after the discretization. Also, to deal with the turning point, the forward difference is used in the first derivative term if a(x) > 0 whereas the backward difference is used if a(x) < 0, x e Qn ~ { -1 = x0 < Xt < x2, ..., xN = 1}, x, = -14-ih where i = 0,..., N, h = 2/N. Thus, the difference scheme for the boundary value problem (1.2) is given by Corresponding to the continuous problem we have a discrete minimum principle and bound on the discrete solution. 
Proof.
Let k e {0,1, ...,N} such that tt^ = min0<i<N tt,. Let us assume 77k < 0, then k (f {0,N} and we have 7Tfe+i -^ > 0, ttic -7Tfc_i < 0. Now, the following cases arise: Case 1: k e m}. In this case, we have
From the above four cases we obtain LN7r, < 0 for i = 1,..., N -1 and using Lemma 3.1 this gives us 7T, > 0 for i = 0,..., N. □ Now, the following theorem gives bounds on the truncation error. Example 1. Consider the problem on x 6 (0, 1) with the turning point at x = 0.5 Table 3 Maximum Maximum pointwise error £t N for S = 0.1, rj = 0.4. io-18 1.3165e-2 7.999e-3 4.884e-3 3.002e-3 Table 7 Maximum pointwise error £f N for <5 = 0.4. rj = 0.1. 6.784e-3 4.295e-3 2.708e-3 1.704e-3 10"10 6.784e-3 4.295e-3 2.708e-3 1.704e-3 10"12 6.784e-3 4.295e-3 2.708e-3 1.704e-3 10 14 6.784e-3 4.295e--3 2.708e-3 1.704e-3 10"16 6.784e-3 4.295e-3 2.708e-3 1.704e -3 10-13 6.784e-3 4.295e~3 2.708e-3 1.704e-3
Example 2 1 7.375e-5 3.856e-5 1.971e-5 9.962e 6 10-1 2.150e-3 1.077e-3 5.387e-4 2.694e-4 10"2 6.97e-3 3.301e-3 1.600e-3 7.871e-4 10 4 2.255e-2 1.175e-2 5.539e--3 2.574e-3 10"6 2.312e-2 1.452e-2 9.0e-3 5.512e-3 10"8 2.312e-2 1.452e-2 9.0e-3 5.552e-3 10-1°2 .312e-2 1.452e-2 9.0e-3 5.552e-3 10"12 2.312e-2 1.452e -2 9.0e-3 5.552e-3 10 14 2.312e-2 1.452e-2 9.0e-3 5.552e-3 10-16
2.312e-2 1.452e-2 9.0e-3 5.552e~3 1Q-1S 2.312e-2 1.452e-2 9.0e-3 5.552e-3
In this paper, we describe a numerical method based on fitted operator finite difference scheme for the boundary value problems for singularly perturbed delay differential equa tions with turning point and mixed shifts. Similar boundary value problems are encoun tered while simulating several real life processes for instance, first exit time problem in the modelling of neuronal variability. A rigorous analysis is carried out to obtain priori esti mates on the solution and its derivatives for the considered problem, in the development of numerical methods for constructing an approximation to the solution of the problem, a special type of mesh is generated to tackle the delay term along with the turning point. Then, to develop robust numerical scheme and deal with the singularity because of the small parameter multiplying the highest order derivative term, an exponential fitting parameter is used. Several numerical examples are presented to support the theory devel oped in the paper. © 2011 Elsevier Inc. All rights reserved.
Introduction
The determination of the expected time for the generation of action potentials in the nerve cells by random synaptic in puts in the dendrites can be modelled as a first-exit time problem. In Steins model [18, 19] the distribution representing in puts is taken as a Poisson process with exponential decay. If in addition, there are inputs that can be modeled as a Wiener process with variance parameter a and drift parameter fi0, then the problem for expected first-exit time u, given initial mem brane potential x € (xltx2), can be formulated as a general boundary value problem for the linear second-order delay differ ential equation
where the values x = Xi and x = x2 corresponds to the inhibitory reversal potential and to the threshold value of membrane potential for action potential generation, respectively. Here a and fi0 are variance and drift parameters, respectively, u is the expected first-exit time and the first-order derivative term -xu'(x) corresponds to exponential decay between synaptic in puts. The undifferentiated terms correspond to excitatory and inhibitory synaptic inputs, modeled as Poisson process with mean rates ;.e and A,, respectively, and produce jumps in the membrane potential of amounts cie and a, respectively, which are small quantities and could be dependent on voltage. The boundary condition is 
L, F(x) -eW"(x) + a(x)F'{x)..b(x)'F(x) + c(x)W(x -8)
= -t'Mdl/V'1 + c, (ll^llo,d0 + lyl)) + c(x)(llf||0^1 + c, (!!0||aDo + |y|)) ± Leu(x) -b(x)(\\f\\0k -C'i ([ I <"/ > 11 o.o0 I y I)) + c(x) (|[/"|| + C] (Iloilo D() ' iyln. fix)
= l-(b(x) -c(x))k4[f!lo ±/(x)) -(b(x) -c
Proof. From Theorem 3.3 it is clear that u(x)
is smooth outside the turning point region, i.e., for x e D1 u D3 and hence esti mate (3 ! 1) holds good in this case. Therefore, we only need to prove (3.11) in the neighborhood of x = 0, i.e., x e D2. If we prove that £|u"(x)| Y C (3.12) then, using this in Eq. (2.1) we get (3.11). Putting u"(x) = z(x) and differentiating (2.1) once we get
Since a(0) = 0, therefore jz(0)| < C/c. Also, o;(x) > a, x e Q, for some positive constant a depending on 5(1) which results in A{x) Y -a x2/2, -1 < x < 1. Using this we get Since i/y(x, v) and sftx) are bounded, therefore
Jo
First two terms in the above equation are bounded and for the third term, we have 
. Consider a(x), b(x).c(x).f (x) c Cm(Q) and assume conditions
Proof. We can write (2.1) and (2.2) as 
bk'Pk> 0.
In all the above three cases, we get contradiction to the hypothesis lN'Pk 0. 1 lence, our assumption is wrong and Fk > 0. Since k was chosen arbitrary we have 
where k = min0^N{(bi -Cj),bj), C, U 1 is a positive constant.
Proof. Introduce two harrier functions Wi defined by 
Numerical experiment
In this section, we present some numerical experiments to show the efficiency and the robustness of the proposed method. with y(x) = 0 on -<5 -1 < x ^ -1, y(l) = l. Since the exact solution is not known, the maximum absolute error for the considered examples is estimated using the dr ble mesh principle [7] given by -max | lif-L/fN|. 
Conclusion and discussion
Two point boundary value problem for singularly perturbed delay differential equation with the turning point is consid ered. The solution of such type of problems exhibit boundary or interior layers depending upon the sign of the parameter p. For ji < 0, the solution of the problem is smooth near the turning point and there are boundary layers of exponential type at the end points of the domain whereas, for p > 0 there is in general interior layer at the turning point nature of which depend upon the value of p. In this paper, we have investigated interior layer case. A robust numerical method is constructed for solving the problem, which gives E-uniformly convergent numerical approximations to the solution. A numerical scheme based on fitted operator finite difference scheme using ll'in Allen-Southwell fitting is constructed. A special type of mesh is constructed in which term containing delay as well as turning point lies on the nodal point after discretization. The pro posed method is analyzed for stability, consistency and convergence. Number of numerical experiments are carried out i support of the predicted theory via tabulating the maximum absolute error in Tables 1-4 and the rate of convergence in T bles 5-8 for the examples considered.
Graphs of the solution are plotted for different values of 6 for the considered examples to demonstrate the effect of the delay on the solution of the problem. When the coefficient of the delay term is non zero through out the domain we observe that the thickness of the turning point region increases as delay increases and steepness decreases as shown in Fig. 1 whereas, when the coefficient of the delay term vanishes at the turning point there is no change in the behaviour of the solu tion in the turning point region but the behaviour of the solution changes in the outer region (Figs. 2 and 3) . We also observe that the rate of convergence is independent of the value of <5, i.e., it is same for <5 = 0.1,0.2,0.4 whereas, for Tables 5-8 gives rate of convergence of the numerical scheme for the considered examples which validates the theoretically predicted rate of convergence in the paper, i.e.,
